Seven Bridges – Solution

The Seven Bridges of Königsberg is a historically notable problem in mathematics. Its negative resolution by Leonhard Euler in 1736  prefigured the idea of topology.

The city of   in Königsberg, Prussia (now Kalingrad, Russia) was set on both sides of the Pregel River and included two large islands which were connected to each other and the mainland by seven bridges.

The problem was to find a walk through the city that would cross each bridge once and only once. The islands could not be reached by any route other than the bridges, and every bridge must have been crossed completely every time; one could not walk halfway onto the bridge and then turn around and later cross the other half from the other side. The walk need not start and end at the same spot. Euler proved that the problem has no solution. 

“Simple” Explanation
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Read the “More Complete Explanation”  below first to see how this problem is represented using “Graph Theory.

If there are an odd number of edges meeting at a node (other than the starting or finishing nodes) then it is impossible to fulfil the conditions of the puzzle. 

Refer to the diagram on the left: If node A is approached along edge 1, node A can be left by using edge 3. However, when node A is approached again along edge 2, there is no unused edge by which node A can be left. 

A More Complete Explanation
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        Map                                  Simplified Diagram                        “Graph”

       Euler's analysis of the problem laid the foundations of “graph theory” and foreshadowed the relatively new branch of mathematics called Topology (some times informally called “rubber sheet” geometry).

       Referring to the right hand diagram above ("Graph"): The situation is reduced to the blue circles (vertices or nodes – representing the different land masses), joined by lines  (called “edges” in graph theory)  representing the bridges.

      Euler observed that (except at the endpoints of the walk), whenever one enters a node by a bridge, one leaves that node by a bridge. In other words, during any walk in the graph, the number of times one enters a non-terminal (that is not the starting or finishing nodes) node equals the number of times one leaves it. Now, if every bridge has been traversed exactly once, it follows that, for each land mass (except for the ones chosen for the start and finish), the number of bridges touching that land mass must be even (half of them, in the particular walk, will be traversed "toward" the landmass; the other half, "away" from it). However, all four of the land masses in the original problem are touched by an odd number of bridges (one is touched by 5 bridges, and each of the other three is touched by 3). Since, at most, two land masses can serve as the endpoints of a walk, the proposition of a walk traversing each bridge once leads to a contradiction.
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